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I. INTRODUCTION
Although the conformal factor is not dynamical in classical general relativity, in quantum grav-
ity its fluctuations could be as important, or even more important, than those of the spin two
components of the metric. It may thus be instructive to study a baby version of quantum gravity
where only the conformal part of the metric is allowed to fluctuate. We will refer to this theory
as conformally reduced quantum gravity. A popular approach to quantum gravity is to try and
define the theory in the Euclidean. The following problem is then encountered: when one uses the
Hilbert action and fixes the sign in such a way that spin two fluctuations have positive action, the
conformal fluctuations have negative action, and the Euclidean action is unbounded from below
[1]. This problem is often circumvented by an ad hoc rotation of the integration contour in the
complex plane; a more satisfactory understanding of this issue, ultimately leading to the same
outcome, is based on a proper understanding of the functional measure [2, 3, 4]. At a less formal
level, that is also reflected in the Causal Dynamical Triangulations approach [5].
On the other hand, while the Einstein action is the most important term at the classical level
and the obvious starting point for quantization, at the quantum level other terms may also play a
significant role. At very high energies, higher derivative terms become important and - if they have
the right signs - they can fix the problem of the unboundedness of the action. At very low energies,
nonlocal terms are expected to become relevant. Among the latter, particularly interesting are
those coming from the Riegert action [6], which reproduces the conformal anomaly generated by
matter loops. The dynamics of conformally reduced gravity including such terms has been studied
in a series of papers by Antoniadis, Mazur and Mottola [7, 8, 9]. Following the logic of two
dimensional conformal field theories, they argue that the theory has an infrared (IR) fixed point
(FP), which could lead to screening of the cosmological constant and simulate dark energy [10, 11].
In a completely unrelated development, the renormalization group running of the gravitational
couplings has been studied by use of a Functional Renormalization Group Equation [12, 13]. Again,
the starting point for such applications has been the Einstein–Hilbert action [14, 15, 16], but
subsequently calculations have been extended to four-derivative [17, 18, 19] or even higher terms
[20, 21, 22] and some work also has been done on nonlocal terms [22, 23]. While the main aim of
these calculations has been to establish the existence of a FP with a finite number of UV-attractive
directions, which could be used to define a sensible UV limit in a quantum field theory of gravity
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1, this type of analysis can be applied also to IR physics, and there have been works suggesting
that FP behaviour is responsible for astrophysical [27] and cosmological [28] effects.
The calculations of gravitational beta functions based on the FRGE have been carried out
mostly taking into account all the degrees of freedom of the metric and truncating the action to
a manageable number of terms. Conversely, there have also been calculations where some degrees
of freedom of the metric were frozen, by requiring the existence of two Killing vectors [29], and
infinitely many terms were kept in the action. More recently, Reuter and Weyer have applied the
FRGE to conformally reduced gravity [30, 31] and found, in certain truncations, a FP with very
similar properties as in the full theory.
The question then naturally arises, whether there exists a relation between these FRGE beta
functions and the beta functions computed by Antoniadis and Mottola in [7]. Establishing this
relation is the one of the goals of the present work. Anticipating our results, we shall see that
Antoniadis and Mottola’s beta functions can be obtained from the FRGE within certain approxi-
mations, and applying a procedure that is different from Reuter and Weyer’s. We will explain and
comment on this statement in detail in the following sections.
In the rest of this introduction, we will describe our approach to the dynamics of the conformal
factor, emphasizing possible alternatives. We will use the background field method and, following
the procedure used both by Antoniadis et al. and Reuter et al, we will first fix a fiducial metric
gˆµν and consider only metrics which are conformally related to gˆµν :
gµν = φ
2gˆµν . (1)
The function φ is the conformal factor whose dynamics we wish to study. Because it cannot vanish,
we can choose it to be positive, and in the following we will find it convenient to write φ = eσ . The
role of gˆµν is simply to identify a conformal equivalence class of metrics and to provide a reference
point in this equivalence class. When restricted to the chosen conformal equivalence class, the
action, which originally is a functional of gµν , becomes a functional of gˆµν and φ, or equivalently
of gˆµν and σ, which we will denote
Sˆ(gˆµν , σ) = S(e
2σ gˆµν) = S(gµν) . (2)
No approximation is involved in this step. Note that by construction Sˆ is invariant under the
transformation
(gˆµν , σ) 7→ (e2ω gˆµν , σ − ω) , (3)
1 For reviews of this asymptotic safety approach to quantum gravity, see [24, 25, 26].
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for any function ω. We will refer to this as a Weyl transformation of gˆµν . A priori, there is a
slight risk of confusion between these transformations and Weyl transformations of gµν , which are
transformations gµν 7→ e2ωgµν 2. We will always try to make this difference clear.
We then apply the background field method to the conformal factor only. In principle, there
are different ways of doing this. In [30, 31] the conformal factor is expanded as
φ = φ¯+ δφ , (4)
where φ¯ is the background. Alternatively, one could write φ = eσ , φ¯ = eσ¯ and expand
σ = σ¯ + δσ . (5)
Although these two procedures lead to similar results, they are not strictly speaking equivalent
within the approximations we will subsequently employ. In this paper we will follow the latter
procedure, as it is better adapted to the action of Weyl transformations.
When σ is decomposed as in (5), the transformation (3) can be attributed either to the fluctu-
ation δσ or to the background σ¯. In the first case, we speak of “quantum Weyl transformations”,
in the second, of “background Weyl transformations”. It is the latter transformations
(gˆµν , σ¯, δσ) 7→ (e2ω gˆµν , σ¯ − ω, δσ) (6)
that one can preserve when using the background field method, as we shall discuss in Section
4. It is worth mentioning that this group does not play the role of a gauge group, since it acts
nontrivially on gˆµν , while in the conformal reduction we only treat σ as a quantum field.
II. DYNAMICS OF THE CONFORMAL FACTOR
In this section we specify the class of gravitational actions we will study. In order to avoid
misunderstandings, let us stress from the outset that these functionals will not be used as bare
actions in the definition of a functional integral, but rather as approximate forms for a coarse
grained quantum effective action. With this proviso in mind, we will simply call these functionals
“actions”. They will consist of one part which is local in the metric gµν and another part which can
be seen as coming from the quantum loops of matter fields, and which is nonlocal when written as
2 Note that if the original action is Weyl invariant, in the sense that S(e2ωgµν) = S(gµν), then Sˆ is independent of
σ.
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a functional of gµν . Restricting ourselves to terms with at most four derivatives, the local part is
S(gµν) =
∫
dx
√
g
[
g0 + g2R+ g4R
2
]
, (7)
where gi are coupling constants of mass dimension 4 − i. There are other terms one can write
with four derivatives, but they are either total derivatives (the Euler term, R), or invariant under
Weyl transformations of gµν (the Weyl tensor squared), and therefore independent of σ. Using (1)
in (7) and defining ˆ = ∇ˆ2, we have
Sˆ(gˆµν , σ) =
∫
dx
√
gˆ
[
g0e
4σ + g2e
2σ(Rˆ − 6ˆσ − 6(∇ˆσ)2) + g4(Rˆ− 6ˆσ − 6(∇ˆσ)2)2
]
. (8)
In the following, we will need the linearized form of this expression. Decomposing σ as in (5), and
expanding to second order in δσ,
Sˆ(2) =
∫
dx
√
gˆ δσ
[
8g0e
4σ¯ + 2e2σ¯g2
(
Rˆ− 6ˆσ¯ − 62(∇ˆσ¯)2 − 6∇ˆµσ¯∇ˆµ − 3ˆ
)
+ g4
(−144ˆσ¯∇ˆµσ¯∇ˆµ − 144∇ˆµ(∇ˆσ¯)2∇ˆµ + 12∇ˆµRˆ∇ˆµ + 144Rˆµν∇ˆµσ¯∇ˆν
− 72(∇ˆσ¯)2ˆ− 144ˆσ¯ˆ+ 12Rˆˆ+ 144(∇ˆµ∇ˆν σ¯ − ∇ˆµσ¯∇ˆν σ¯)∇ˆµ∇ˆν
+ 36ˆ2
)]
δσ .
(9)
In addition, we will also consider the effect of minimally coupled massless matter. Introducing
nS scalar fields φ, nD Dirac fields ψ and nM Maxwell fields Aµ, the (gauge fixed) matter part of
the action reads
Smat =
∫
d4x
√
g
∑[
1
2∇µφ∇µφ+ ψ¯Dψ +
(
1
4FµνF
µν + 12(∇µAµ)2 − c¯c
)]
, (10)
where the sums extend over all particle species. Here, D = γaea
µ∇µ, is the Dirac operator (eaµ
is the vierbein of gµν) and the last term above is the action for the ghost fields c¯, c, which arise
when fixing the Lorentz gauge for the Maxwell fields. Performing the conformal reduction (1) and
applying the background field method with the matter background fields set to zero, the second
variation of the matter and ghost parts of the action is then given by
S
(2)
mat =
∫
d4x
√
gˆ
∑[
− 12e2σ¯δφ
(
ˆ+ 2∇ˆµσ¯∇ˆµ
)
δφ + e3σ¯δψ¯
(
Dˆ + γaea
µΦˆµ
)
δψ
− 12δAν
(
gˆµν(ˆ + 2∇ˆλσ¯∇ˆλ + ˆσ¯ + 2(∇ˆσ¯)2)− (Rµν− 2∇ˆµ∇ˆν σ¯ + 2∇ˆµσ¯∇ˆν σ¯)
)
δAµ
+ e2σ¯δc¯
(
ˆ+ 2∇ˆµσ¯∇ˆµ
)
δc
]
,
(11)
where Φˆµ = 2eˆaµeˆb
ν∂νσΣ
ab. These matter fields will contribute to the beta functions of the
gravitational couplings g0, g2, g4 [13, 20]. This is a purely local effect, which is related to the
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appearance of UV divergences when the cutoff goes to infinity. On the other hand, the presence
of matter fields also gives rise to nonlocal terms, among which there are those responsible for the
conformal anomaly [32]
〈T µµ〉 = 2√
g
gµν
δΓ
δgµν
= bC2 + b′E +
(
b′′ +
2
3
b
)
R . (12)
Here, E = RµνρσR
µνρσ − 4RµνRµν + R2 is the integrand of the Euler invariant, C2 = CµνρσCµνρσ
is the square of the Weyl tensor, and the coefficients b and b′ are related to the number and species
of matter fields and read
b =
1
120(4pi)2
(nS + 6nD + 12nM ) , b
′ = − 1
360(4pi)2
(nS + 11nD + 62nM ) . (13)
The last term in (12) can be obtained from the variation of a local counterterm proportional
to
∫
dx
√
gR2, and so the coefficient b′′ is arbitrary. This term is already accounted for in the
local action (7), and it will be convenient to assume that g4 has been redefined in such a way that
b′′ + 23b = −23b′.
The remaining two terms in the conformal anomaly (12) cannot be obtained as the variation
of a local functional. Following [7], those nonlocal counterterms responsible for generating this
remaining part of the anomaly will also be taken into account. They constitute the Riegert action
[6] and are given by
W (gµν) =
1
8
∫
dx
√
g
(
E − 2
3
R
)
∆−14
[
2bC2 + b′
(
E − 2
3
R
)]
, (14)
where ∆4 is the conformally covariant fourth order operator
∆4 = 
2 + 2Rµν∇µ∇ν − 2
3
R+
1
3
∇µR∇µ . (15)
The defining property of this functional is that its variation under an infinitesimal conformal
transformation reproduces (12). One can also define a local functional having the same property,
at the expense of introducing an additional field. This so called Wess–Zumino (WZ) action is
(minus) the change of the Riegert action under a finite conformal transformation,
ΓWZ(gµν , σ) = −W (e2σgµν) +W (gµν) . (16)
It is explicitly given by
ΓWZ(gµν , σ) = −
∫
dx
√
g
{
bC2σ + b′
[(
E − 2
3
R
)
σ + 2σ∆4σ
]}
, (17)
and, by construction, it satisfies the “cocycle” condition (also called the Wess-Zumino consistency
condition),
ΓWZ(e
2ωgµν , σ − ω)− ΓWZ(gµν , σ) + ΓWZ(gµν , ω) = 0 . (18)
Although σ plays the role of a conformal transformation in (16) , we can think of it as a new scalar
field, transforming under Weyl transformations as in (3). Then, by equation (18), the WZ action
has the same transformation as the nonlocal Riegert action (this property motivates the sign in
the definition of ΓWZ).
Let us now treat the functional W in the same way as the local action (7). As in (2), we first
define Wˆ (gˆµν , σ) =W (e
2σ gˆµν), and from equation (16) we then see that
Wˆ (gˆµν , σ) =W (gµν) =W (gˆµν)− ΓWZ(gˆµν , σ) . (19)
Using equations (16) and (18), one can check that this functional is indeed invariant under the Weyl
transformations (3). Of course, if one is only interested in the dynamics of the conformal factor
for a fixed fiducial metric, the first term on the r.h.s. can be ignored, but one should remember
that it is essential for Weyl invariance.
Next, we introduce the background field decomposition (5) for σ. Defining the background
metric g¯µν = e
2σ¯ gˆµν and again using (18) and (16), we can write (19) as
Wˆ (gˆµν , σ) =W (g¯µν)− ΓWZ(g¯µν , δσ) . (20)
Note that only the second term depends on the quantum field δσ. From (17), we thus see that the
expansion of W to second order in the fluctuation is
Wˆ (2) = 2b′
∫
dx
√
gˆ δσ∆ˆ4δσ = 2b
′
∫
dx
√
g¯ δσ∆¯4δσ , (21)
where ∆ˆ4 and ∆¯4 are the operators (15) constructed with the metrics gˆµν and g¯µν respectively.
III. THE RG EQUATION AND THE CONFORMAL ANOMALY
In order to extract the beta functions of the theory, we make use of the Functional Renormal-
ization Group Equation (FRGE) [33]
∂tΓk =
1
2
STr
(
δ2Γk
δΦδΦ
+Rk
)−1
∂tRk , (22)
which describes the dependence of a coarse-grained effective action Γk [Φ] on a momentum scale k.
Here, t := log k/k0, Φ are all the fields present in the theory, STr is a functional (super)trace and
7
Rk is an infrared cutoff suppressing the contributions to the trace of eigenmodes with momenta
below k. The coarse grained effective action reduces to the ordinary effective action in the limit
k → 0.
If one keeps all couplings on the r.h.s. fixed, including any couplings that may appear in the
definition of the cutoff Rk, then one is effectively replacing the running effective action Γk in the
r.h.s. by a fixed “bare” action, and in this approximation the equation describes the running of
the one loop effective action in dependence of the cutoff k. When applied to familiar quantum
field theories in this approximation, the well known beta functions are correctly reproduced. But
the FRGE is actually an exact equation and it can be used to obtain nonperturbative results. In
particular, it has been applied to the calculation of beta functions for gravity in many different
approximations, always leading to the appearance of a nontrivial fixed point [14, 15, 17, 18, 19, 20,
21, 29].
In the sequel, we will apply the FRGE to compute the beta functions of conformally reduced
gravity, in the spirit of the previous section. This means that (in addition to the matter fields) the
only quantum field that we allow to fluctuate is the conformal factor σ (or equivalently φ) and the
truncated running effective action is assumed to have the form
Γk(gˆµν , σ, ψ) = Sˆ(gˆµν , σ) + Wˆ (gˆµν , σ) + Sˆmat(gˆµν , σ, ψ) ≡ Γgravk (gˆµν , σ) + Sˆmat(gˆµν , σ, ψ) (23)
where Sˆ, Sˆmat and Wˆ are given by equations (8,11,19), and ψ collectively denotes all matter fields.
However, not all terms will run. Sˆmat does not change because the fields have no selfinteractions
and Wˆ does not change because its coefficients b and b′ are fixed functions of the number of matter
fields. Thus, only the RG flow of the couplings g0, g2 and g4 will be calculated, while Wˆ and Sˆmat
will be kept fixed.
Although only ψ and σ fluctuate, the action still depends parametrically upon the fiducial
metric gˆµν and, as long as the Weyl invariance (3) is preserved, the running effective action Γk
can be regarded as a functional of a single metric gµν . As discussed in [34], in quantizing the
theory of the conformal factor described by some action Sˆ(gˆ, σ) one faces a choice: the cutoff can
be constructed with the fiducial metric gˆ or with the background metric g¯µν . The former choice
breaks the invariance (3), because it introduces a dependence on gˆ which is not accompanied
by a corresponding dependence on σ. The latter choice instead respects the invariance. For this
reason, we shall call these two procedures the “Weyl–breaking” and the “Weyl–invariant” procedure
respectively (and we emphasize here that we refer to the Weyl transformations of the metric gˆµν ,
not of the metric gµν).
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These considerations apply both to UV and IR cutoffs. A UV cutoff can be regarded as part
of the definition of the functional integral. In this context, the “Weyl–breaking” procedure cor-
responds to using the translation invariant measure, while the “Weyl–invariant” procedure corre-
sponds to using the Weyl–invariant measure 3, and similar considerations also apply to the integra-
tion measures over the matter fields. In the approach based on the FRGE, the beta functions give
the dependence of the renormalized couplings on the coarse graining scale k, and these UV issues
are completely immaterial. Even though the FRGE is formally derived from a functional integral
which would require a UV regulator to be defined, the trace on the r.h.s. of (22) is automatically
UV convergent due to the properties of the IR cutoff Rk. Therefore, there is no need to specify any
UV regulator. In the following sections, when we talk about Weyl–invariant and Weyl–breaking
procedures, we then refer to the construction of the IR cutoff Rk, which is used to define the coarse
graining of the effective action.
Still, to avoid possible misunderstandings, it is useful to comment here on the significance of
the anomaly in the context of the FRGE. The conformal anomaly arises when the “classical” bare
action is Weyl invariant but the measure is not, and hence neither is the quantum effective action.
This is true also for the coarse grained affective action Γk, for any value of the coarse graining (IR
cutoff) scale k. In an “anomalous” theory, the running effective action will thus be noninvariant
even in the limit k → ∞, if the limit exists. Now, one could take the point of view that the
functional integral and the bare action are merely formal constructions devoid of physical content,
and that all the physics is contained in the running effective action Γk. One would then never see
an “anomaly”: one simply has a quantum theory where Weyl invariance is broken at all scales.
The “anomaly” would only be seen if one tried to reconstruct the “classical” (bare) action that
corresponds to the given effective action (see [36] for a general discussion of this reconstruction
problem and [37] for a specific discussion of functional measures in the context of a FRGE–based
treatment of two dimensional Liouville theory). Still, while this may be instructive and even useful
for some purposes, one would not learn anything new about the physics considered here by doing
this.
This discussion provides an answer to a question that may arise in this context. The term Wˆ
is usually regarded as (part of) the effective action obtained by integrating out the matter fields,
and one may wonder why we keep Sˆmat and Wˆ simultaneously in the action. The reason for this
is that we apply the same coarse graining scale to the gravitational degree of freedom σ and to the
3 See [3, 35] for a discussion of these integration measures.
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matter fields ψ. So, as we do not first completely integrate out the matter fields, Sˆmat must still
be present in the action 4. On the other hand, as the term Wˆ describes the effect of the conformal
anomaly, it is also present for any finite value of the coarse graining scale. (In any case, one can
easily remove from the beta functions the terms coming from Sˆmat and/or Wˆ if one so wishes.)
From here on, let us assume that the functional measure of the matter fields in the functional
integral is not Weyl invariant, so that Γk contains the term Wˆ . The invariance, or lack thereof, of
the functional measure of σ only affects the numerical value of the coefficients in Wˆ [7, 37], and
we do not need to commit ourselves to a particular choice for our calculations in the next sections.
We will not discuss here the possibility of recovering Weyl invariance in the limit k → 0. This has
been discussed in the two dimensional case in [37] and similar considerations could also be applied
in four dimensions. We will focus instead on the form of the beta functions.
In [30], it has been explained in detail that choosing the IR cutoff in a Weyl–invariant way cor-
responds to implementing background independence in the quantum theory. This is the procedure
that is always followed in the FRGE approach to asymptotic safety, also when the full metric is
dynamical. In the next two sections, we will compare the results of using the Weyl–invariant and
the Weyl–breaking implementations of the IR cutoff.
IV. THE WEYL–INVARIANT PROCEDURE
In [30], the beta functions of the conformal reduction of gravity with the Hilbert action were
computed using a “background independent” IR cutoff, constructed from the background metric
g¯µν . In this section, we follow a similar procedure, but rather than applying the background field
method to φ, viz. (4), we apply it to σ, viz. (5), as we find that the behavior of the theory under
Weyl transformations is easier to understand in this way. We also extend the results by including
the effect of the R2 term and of the Riegert action, which will be needed when comparing with the
beta functions of [7], as well as the effect of the local matter contribution.
The FRGE (22) requires the second variation
δ2Γgrav
k
δσδσ , which can be immediately read off equa-
tions (9) and (21). Those variations are written in terms of operators constructed with the fiducial
metric gˆµν and the background field σ¯, but, in order to guarantee that (background) Weyl invari-
ance is preserved, it is convenient to rewrite them in terms of the metric g¯µν . For the Riegert
4 Of course, at a given energy scale k the degrees of freedom with masses m > k will decouple and therefore in
practice we need to consider only the degrees of freedom with masses m < k. In the IR limit, only massless fields
matter.
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action, this has already been done in (21). For the rest, we observe that, since (8) is invariant
under Weyl tranformations and δσ is invariant under background Weyl transformations (6), the
operator appearing in square brackets in (9) must also be invariant under background Weyl trans-
formations. Indeed, this can be verified by a straightforward if somewhat tedious calculation. We
can then apply a transformation (6) with parameter ω = σ¯ to the second variation, leading to the
substitutions gˆµν → g¯µν and σ¯ → 0 in (9), so that
δ2Γgravk
δσδσ
=
√
g¯
[
16g0 + 4g2(R¯− 3¯) + g4(72¯2 + 24R¯¯+ 24∇¯µR¯∇¯µ) + 4b′∆¯4
]
. (24)
For our purposes, it will be enough to consider the case when gˆµν is a space of constant curvature,
for which
δ2Γgravk
δσδσ
=
√
g¯
[
16g0 + 4g2R¯+
((
24g4 − 23b′
)
R¯− 12g2
)
¯+
(
72g4 + 4b
′
)
¯
2
]
. (25)
A similar reasoning applies to the second variation of the local matter contribution.
There is a vast freedom in defining a cutoff, and one choice that presents itself is that of an
operator whose eigenfunctions are taken as a basis in the functional space that one is integrating
over. The cutoff is then imposed on the eigenvalues of this operator 5.
We begin by following [30] and choose this operator to be−¯. As in [21] we will call this a “type I
cutoff”. We then chooseRk such that it leads to the replacement of −¯ by Pk(−¯) = −¯+Rk(−¯)
in the inverse propagator, where Rk is a suitable profile function suppressing the propagation of
field modes below the scale k. In our subsequent calculations, we will chose as this function the
so-called optimized cutoff [38] Rk(z) = (k
p − z)Θ(kp − z), where Θ is the step function and p is
the order of the operator z. Following this prescription leads to
Rk =
√
g¯
[
(72g4 + 4b
′)(P 2k − ¯2)−
((
24g4 − 23b′
)
R¯− 12g2
)
Rk
]
, (26)
and we thus arrive at
∂tΓk =
1
2
Tr
{ [
6g2 −
(
12g4 − 13b′
)
R¯+ 4(18g4 + b
′)Pk
]
∂tRk
8g0 + 2g2 −
((
12g4 − 13b′
)
R¯− 6g2
)
Pk + (36g4 + 2b′)P
2
k
+
6β2Rk + 36β4
(
P 2k − ¯2 − R¯3Rk
)
8g0 + 2g2 −
((
12g4 − 13b′
)
R¯− 6g2
)
Pk + (36g4 + 2b′)P
2
k
}
+
nS
2
Tr
∂tRk
Pk
− nD
2
Tr
∂tRk
Pk +
R¯
4
+
nM
2
Tr
∂tRk
Pk +
R¯
4
− nMTr∂tRk
Pk
,
(27)
5 To avoid possible misunderstandings, let us stress that the functional trace in (22) is obviously independent of
any choice of functional basis. What we are saying here is that putting a cutoff on the eigenvalues of different
operators leads effectively to different cutoff procedures.
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where we have defined βi = ∂tgi, and the terms containing βi come from deriving the couplings
that are contained in Rk. Note that all dependence on Rˆ and σ is through the background metric
g¯µν , which is inert under the background Weyl transformations (6). As the quantum field is also
inert, background Weyl invariance is respected. Consequently, the flow will preserve the form of
the action (8), and to extract the beta functions of g2 and g4 we can isolate the coefficient of any
one of the operators that they multiply. We evaluate the functional trace on the right-hand side of
the FRGE using the heat kernel expansion of the operator −¯ (using methods explained in, e.g.,
Appendix A of [21]) and then equate the coefficient of R¯i with βi. This gives
β0 =c0k
4 +
(6g2 + (72g4 + 4b
′)k2 + β2 + 9β4k
2)k6
64pi2 (4g0 + 3g2k2 + (18g4 + b′)k4)
,
β2 =c2k
2 +
12
(
2g0(g2 + 6g4k
2) + 9g4(g2 + 18g4k
2)k4
)
k4 + 2(10g0 + 3g2k
2 + 81g4k
4)b′k6 + 3b′2k10
192pi2 (4g0 + 3g2k2 + (18g4 + b′)k4)
2
+ β2
12g0 + 3g2k
2 + (90g4 + 2b
′)k4
384pi2 (4g0 + 3g2k2 + (18g4 + b′)k4)
2 + β4
(16g0 − 6g2k2 + (180g4 + b′)k4)k2
128pi2 (4g0 + 3g2k2 + (18g4 + b′)k4)
2 ,
β4 = c4 +
{
3
(
g20(464g2 − 5952g4k2)k2 − 24g0(31g22 + 198g2g4k2 + 72g24k4)k4
+ 9(29g32 − 744g22g4k2 − 12060g2g24k4 + 64368g34k6)k6
)
+ 4
(
472g20 − 198g0(g2 − 32g4k2)k2 + 9(14g22 − 465g2g4k2 + 3186g24k4)k4
)
b′k4
+
(
344g0 + 75g2k
2 + 1512g4k
4
)
b′2k8 + 28b′3k12
}/
34560pi2
(
4g0 + 3g2k
2 + (18g4 + b
′)k4
)3
+ β2k
2
{
464g20 + 24g0(g2 − 354g4k2)k2 + 27(3g22 − 44g2g4k2 + 1548g24k4)k4
+ 8(14g0 + 3(g2 + 36g4k
2)k2)b′k4 + 9b′2k8
}/
23040pi2
(
4g0 + 3g2k
2 + (18g4 + b
′)k4
)3
− β4k4
{
496g20 + 72g0(17g2 + 22g4k
2)k2 + 99g22k
4 + 9828g2g4k
6 − 22356g24k8
+ 2(164g0 + 93g2k
2 + 918g4k
4)b′k4 + 36b′2k8
}/
3840pi2
(
4g0 + 3g2k
2 + (18g4 + b
′)k4
)3
,
(28)
where the constants ci are the local contribution of matter:
c0 =
1
32pi2
(nS − 4nD + 2nM ) ,
c2 =
1
96pi2
(nS + 2nD − 4nM ) ,
c4 =
1
34560pi2
(29nS − 11nD − 62nM ) .
(29)
The above formulae should be looked upon as a system of linear equations for the beta functions
βi. The beta functions themselves are obtained by solving these equations and are somewhat
complicated rational functions of the couplings. If one deletes all the terms containing βi in the
r.h.s., the remaining terms are the beta functions in the one loop approximation.
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It is instructive to rederive the beta functions using a different cutoff procedure. Instead of
using the operator −¯ as defining the basis in function space, we can use the fourth order operator
O¯ ≡ 1√
g¯(72g44 + 4b′)
δ2Γgravk
δσδσ
= ¯2 + . . . . (30)
Then, we define the cutoffRk =
√
g¯(72g44+4b
′)Rk(O¯), whereRk is the function defined above, such
that it leads to the replacement of
δ2Γgrav
k
δσδσ by
√
g¯(72g44+4b
′)Pk(O¯) =
√
g¯(72g44+4b
′)(O¯+Rk(O¯)).
This is called a “type III cutoff”. In this case, the FRGE simply reduces to
∂tΓk =
1
2
Tr
∂tRk(O¯)
Pk(O¯)
+
nS
2
Tr
∂tRk
Pk
− nD
2
Tr
∂tRk
Pk +
R¯
4
+
nM
2
Tr
∂tRk
Pk +
R¯
4
− nMTr∂tRk
Pk
. (31)
where the argument of the functions Rk and Pk in the matter traces is still −¯.
Restricting ourselves to the one loop approximation, we arrive at the beta functions
β0 = c0k
4 +
1
32pi2
(
9g22 − 8g0(b′ + 18g4)
(b′ + 18g4)2
− 6g2k
2
b′ + 18g4
+ 4k4
)
,
β2 = c2k
2 +
1
32pi2
(−2b′g2 − 90g2g4 + 30b′g4k2 + 432g24k2
(b′ + 18g4)2
)
,
β4 = c4 +
1
32pi2
(
29
540
− b
′2 + 36b′g4 − 2592g24
36(b′ + 18g4)2
)
.
(32)
We can compare these beta functions with the corresponding type I counterparts in the one loop
approximation, i.e. dropping the terms that contain β2 or β4 on the r.h.s. of (28). The differences
that one observes are a manifestation of the scheme dependence of the results. We expect only the
one loop part of β4, in the limit k
2 ≫ g2, k4 ≫ g0, to be scheme–independent. To this effect, one
should expand the denominators of the type I beta functions in powers of g0 and g2 and compare
term by term. Then one sees that the leading term of the expansion of β4 is equal to
7b′2 + 252g4b
′ + 24138g24
8640pi2 (b′ + 18g4)
2 (33)
with both cutoff types, as expected. This is then a really “universal” result. Higher order terms
of β4 and all the terms in β0 and β2 are scheme–dependent. This does not make them physically
unimportant, although extracting physical predictions from them requires more work and more
care.
One result from the scheme–dependent terms that should be scheme–independent is the exis-
tence of a fixed point. A fixed point is a simultaneous zero for the beta functions of the dimensionless
variables g˜i = k
−digi (with d0 = 4, d2 = 2 and d4 = 0), which are given by
∂tg˜i = −dig˜i + k−diβi . (34)
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It is noteworthy that when the beta functions are written out in terms of the variables g˜i, the
cutoff scale k does not appear explicitly anymore, in accordance with the general expectation that
the flow equations are autonomous.
We will now briefly discuss the fixed points of (28). To make contact with [30], we begin by
considering the case when matter is absent. Further reducing ourselves to the Einstein–Hilbert
truncation, where g4 = 0, the above equations admit a fixed point at g˜0 = 0.00404 and g˜2 =
−0.007296, which correspond to Λ˜ = 0.277 and G˜ = 2.727. These values are numerically very close
to the result of [30]; the residual discrepancy can be attributed to the fact that we take σ as the
quantum field whereas [30] use φ, and that imposing a cutoff on fluctuations of σ is different from
imposing a cutoff on fluctuation of φ.
Let us now extend the truncation to include the R2 term. If we set g˜0 = g˜2 = 0, β4 reduces to the
“universal” expression (33), and in the absence of matter b′ = 0, which leads to β4 = 149/17280pi
2 .
It is not conceivable that higher order terms exactly cancel this term, so this indicates that 1/g4 is
asymptotically free, and there is no FP for g˜0 = g˜2 = g4 = b
′ = 0. A more detailed analysis shows
that equations (28) do not admit any nontrivial fixed point with positive G. 6
The fixed point may reappear when higher powers of curvature are allowed. In fact, it has
been observed in [21, 22] that the results of the R2 truncation are somewhat atypical and change
significantly when higher order couplings are taken into account. In any case, the fixed point
does reappear when one takes matter field contributions into account. In the case of, e.g.,
one massless Maxwell field and no massless Dirac and scalar fields, we find a fixed point at
g˜0 = 0.00135, g˜2 = −0.00168, g4 = 0.00036, corresponding to Λ˜ = 0.401 and G˜ = 11.83. That
the FP of pure gravity is quite close to the boundary of the existence region in nS-nD-nM space
has been also observed in [39].
V. THE WEYL-BREAKING PROCEDURE
We now want to calculate the beta functions of conformally reduced gravity when the cutoff
is defined by means of the fiducial metric gˆµν , instead of the background g¯µν . We will first use a
type I cutoff. To this effect, we follow the same steps as in the previous section, with the crucial
difference that the IR cutoff is imposed on the spectrum of −ˆ, rather than −¯. This introduces
a dependence on ˆ which is not compensated by the presence of eσ¯ factors, and therefore breaks
6 This is also the case when one uses the parametrization (4).
14
Weyl invariance. As a consequence, the special form of the action (8) will no longer be preserved
by the flow. To see this, it is instructive to consider the slightly more general class of actions
Sˆ(gˆµν , σ) =
∫
d4x
√
gˆ
[
g0e
4σ+ e2σ(g21Rˆ− 6g22ˆσ − 6g23(∇ˆσ)2) + g41Rˆ2 − 12g42Rˆˆσ
− 12g43Rˆ(∇ˆσ)2 + 36g44(ˆσ)2 + 36g45((∇ˆσ)2)2 + 72g46ˆσ(∇ˆσ)2
]
,
(35)
which are invariant under (global) scale transformations. These actions become invariant under
(local) Weyl transformations when the couplings g2i (i = 1, 2, 3) and g4j (j = 1, . . . , 6) are separately
equal. If the flow preserved local Weyl–invariance, the beta functions of the g2i and g4j should
then also be the same. We will shortly show that this is not the case.
For the sake of comparison with the preceding section, we begin by analyzing the situation
when the background σ¯ is constant, which allows us to extract the beta equations for the couplings
g0, g21 and g41. In this case,
δ2Γgravk
δσδσ
=
√
gˆ
[
16g0e
4σ¯ + 4g21e
2σ¯Rˆ+
(
(24g43 − 2
3
b′)Rˆ− 12(2g22 − g23)e2σ¯
)
ˆ
+
(
72g44 + 4b
′
)
ˆ
2
]
.
(36)
Choosing the cutoff Rk such that −ˆ is replaced by Pk(−ˆ) = −ˆ + Rk(−ˆ) in the inverse
propagator then leads to
Rk =
√
gˆ
[
−
(
(24g43 − 2
3
b′)Rˆ− 12(2g22 − g23)e2σ¯
)
Rk +
(
72g44 + 4b
′
)
(P 2k − ˆ2)
]
. (37)
The cutoff for the matter fields follows the same logic. For example, the inverse propagator of
the scalar field is −e2σ¯ˆ and we choose the cutoff e2σ¯Rk(−ˆ), such that the modified inverse
propagator is e2σ¯Pk(−ˆ). Note that, in this way, the exponentials cancel between numerator and
denominator in the FRGE, and the matter contribution is σ¯–independent. The FRGE thus reads
∂tΓk =
1
2
Tr
{ [
6(2g22 − g23)e2σ¯ −
(
12g43 − 13b′
)
R¯+ 4(18g44 + b
′)Pk
]
∂tRk
8g0e4σ¯+ 2g21e2σ¯Rˆ+
(
6e2σ¯(2g22 − g23)−
(
12g43 − 13b′
)
Rˆ
)
Pk + (36g44 + 2b′)P
2
k
+
6(2β22 − β23)e2σ¯Rk + 36β44(P 2k − ˆ2)− 12β43RˆRk
8g0e4σ¯+ 2g21e2σ¯Rˆ+
(
6e2σ¯(2g22 − g23)−
(
12g43 − 13b′
)
Rˆ
)
Pk + (36g44 + 2b′)P
2
k
}
+
nS
2
Tr
∂tRk
Pk
− nD
2
Tr
∂tRk
Pk +
Rˆ
4
+
nM
2
Tr
∂tRk
Pk +
Rˆ
4
− nMTr∂tRk
Pk
.
(38)
Evaluating the trace via a heat kernel expansion of −ˆ and reading off the coefficients of e4σ¯, e2σ¯Rˆ
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and Rˆ2, we then arrive at the beta functions
β0 =
9
(
(g23 − 2g22)2 − 16g0g44
)− 8b′g0
32pi2(18g44 + b′)2
+
3(g23 − 2g22)
32pi2(18g44 + b′)2
β22
+
3 (2g22 − g23)
64pi2(18g44 + b′)2
β23 − 9(4b
′g0 − 9((g23 − 2g22)2 − 8g0g44))
64pi2(18g44 + b′)3
β44 ,
β21 =
9((g23 − 2g22)(g44 + 2g43)− 2g21g44)− b′g21
16pi2(18g44 + b′)2
+
b′ + 27g44 + 18g43
192pi2(18g44 + b′)2
(2β22 − β23)
− 3(b
′(3g21 + 2g22 − g23) + 18(3g21g44 + 2(2g22 − g23)(2g44 + 3g43)))
64pi2(18g44 + b′)3
β44
+
3(2g22 − g23)
32pi2(18g44 + b′)2
β43 ,
β41 = c4 +
7b′2 + 252b′g44 + 162(29g
2
44 + 60g44g43 + 60g
2
43)
8640pi2(18g44 + b′)2
− b
′ + 27g44 + 18g43
96pi2(18g44 + b′)2
β43
+
b′2 + 9b′(9g44 + 10g43) + 81(29g
2
44 + 80g44g43 + 60g
2
43)
960pi2(18g44 + b′)3
β44 .
(39)
To compare with the beta functions of the previous section, which were also read off as the
coefficients of powers of R, we should identify all the g2i’s and all the g4j ’s above. We see that
these results are clearly very different from the ones obtained in the Weyl–invariant procedure. In
particular, we observe that k never appears explicitly, and only the beta function of g41 gets a
direct contribution from the matter, via the coefficient c4.
In order to evaluate the beta functions of the couplings g22, g23, g42....g46, we must now consider
the case when σ¯ is not constant. The second variation of (35) is then
δ2Γgravk
δσδσ
=
√
gˆ
[
16g0e
4σ¯ + 4e2σ¯
(
g21Rˆ− 6g22ˆσ¯ − 6g23(∇ˆσ¯)2
)
− 24g23e2σ¯∇ˆµσ¯∇ˆµ + 24g43∇ˆµRˆ∇ˆµ − 288g45
(
ˆσ¯∇ˆµσ¯∇ˆµ + ∇ˆµ(∇ˆσ¯)2∇ˆµ
)
+ 288g46Rˆ
µν∇ˆµσ¯∇ˆν + 12(g23 − 2g22)e2σ¯ˆ− 144g45
(
(∇ˆσ¯)2ˆ+ 2∇ˆµσ¯∇ˆν σ¯∇ˆµ∇ˆν
)
+ 24g43Rˆˆ+ 288g46(∇ˆµ∇ˆν σ¯∇ˆµ∇ˆν − ˆσ¯ˆ) + 72g44ˆ2 + 4b′∆ˆ4
]
.
(40)
Note that this expression is equal to (9) with the couplings gi appropriately split into gij . Since
this is no longer a function of −ˆ alone, we cannot apply a type I cutoff here, as we have done
for the constant σ¯ case. Rather, we shall use a type III procedure, imposing the cutoff on the
eigenvalues of the fourth order operator
Oˆ ≡ 1√
gˆ(72g44 + 4b′)
δ2Γgravk
δσδσ
= ˆ2 + . . . . (41)
Similarly, given the second variation (11), for the local matter contribution we shall impose the
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cutoff on the eigenvalues of the following operators
OˆS ≡ ˆ+ 2∇ˆµσ¯∇ˆµ , OˆD ≡ ˆ+ 2∇ˆµσ¯∇ˆµ − 1
4
(
Rˆ− 6ˆσ¯ − 6(∇ˆσ¯)2
)
,
OˆMµν ≡
(
ˆ+ 2∇ˆλσ¯∇ˆλ + ˆσ¯ + 2(∇ˆσ¯)2
)
gˆµν −Rµν + 2∇ˆµ∇ˆν σ¯ − 2∇ˆµσ¯∇ˆνσ¯ .
(42)
Limiting ourselves again to a one loop approximation, the FRGE reads
∂tΓk =
1
2
Tr
∂tRk(Oˆ)
Pk(Oˆ)
+
nS
2
Tr
∂tRk(OˆS)
Pk(OˆS)
− nD
2
Tr
∂tRk(OˆD)
Pk(OˆD)
+
nM
2
Tr
∂tRk(OˆM )
Pk(OˆM )
− nMTr∂tRk(OˆS)
Pk(OˆS)
.
(43)
The heat kernel coefficients that are necessary for the evaluation of these traces to the desired order
are known in the literature, and we refer to the Appendix for further details on the calculation.
We then obtain the following beta functions:
β0 =
1
32pi2
(
− 8g0
18g44 + b′
+
9(g23 − 2g22)2
(18g44 + b′)2
)
,
β21 =
1
32pi2
(
g23 − 2g21 − 2g22
18g44 + b′
+
(g23 − 2g22)(36g43 − b′)
(18g44 + b′)2
)
,
β22 =
1
32pi2
(
− 2g22
18g44 + b′
+
54g46(g23 − 2g22)
(18g44 + b′)2
)
,
β23 =
1
32pi2
(
− 2g23
18g44 + b′
− 54g45(g23 − 2g22)
(18g44 + b′)2
)
,
β41 = c4 +
1
32pi2
(
29
540
+
36g43 − b′
9(36g44 + 2b′)
+
(36g43 − b′)2
9(36g44 + 2b′)2
)
,
β42 = c
′
4 +
1
32pi2
(
3g46
36g44 + 2b′
+
6g46(36g43 − b′)
(36g44 + 2b′)2
)
,
β43 = c
′′
4 +
1
32pi2
(
3g45
36g44 + 2b′
+
6g45(36g43 − b′)− 36g246
(36g44 + 2b′)2
)
,
β44 = c
′′
4 +
1
32pi2
90g246
(18g44 + b′)2
,
β45 = c
′′
4 +
1
32pi2
90g245
(18g44 + b′)2
,
β46 = c
′′
4 +
1
32pi2
90g45g46
(18g44 + b′)2
,
(44)
where c4 is defined in (29) and
c′4 ≡
nS − nM − nD
2304pi2
, c′′4 ≡
nS + 2nM − nD
2304pi2
. (45)
We first note that the couplings g41 and g42 do not appear in these equations, because the
corresponding operators contain less than two powers of σ. Next, we observe that the beta functions
of g0, g21 and g41 are exactly the same as (39) at one loop (i.e., neglecting the terms with the βij
on the r.h.s.). As discussed in the previous section, this was fully expected in the case of g41. It
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is not generally true for the dimensionful couplings such as g0 and g21, but in the present case
it is so, as all the terms in the beta functions derive from the heat kernel coefficient B4, whose
contributions are scheme independent [21]. We also note that the second term in β41 is equal to the
scheme–independent part of the Weyl invariant β4, given in (33). This is another strong indication
of the universality of that expression.
We can also explicitly see that the beta functions of the various g2i and g4i are generally not
equal, and thus Weyl invariance is broken. Even if we started from an initial point where these
couplings were the same, the flow would lead us away from that situation. It is remarkable, however,
that if we neglect the matter contributions and set g22 = g23 ≡ gˆ2 and g44 = g45 = g46 ≡ gˆ4, we find
that β22 = β23 ≡ βˆ2 and β44 = β45 = β46 ≡ βˆ4. In [7], the beta functions for conformally reduced
gravity in the presence of the conformal anomaly were calculated via dimensional regularization
techniques in flat space perturbation theory. If we did the FRGE calculation above only in flat
space, we would not be able to compute the beta functions of the couplings which multiply operators
containing Rˆ, namely g21, g41, g42 and g43, and the remaining beta functions would be exactly the
βˆi above, upon equating the couplings.
In order to compare these with the results in [7], we make the identifications
g0 = λ , gˆ2 = −16γ , gˆ4 = 136ζ , Q2 = (4pi)2(2b′ + ζ) . (46)
The first three definitions are chosen to agree with the Euclidean version of [7], which involves a
change of sign. Since the anomaly should be the same independently of the signature, we do not
change the sign of the Riegert action under Euclidean continuation. With these definitions, the
equations for the couplings g0, gˆ2, gˆ4 for the flat space case become
βλ = − 8λ
Q2
+
8pi2γ2
Q4
, βγ = −2γ(Q
2 + 24pi2ζ)
Q4
, βζ =
80pi2ζ2
Q4
. (47)
The equation for ζ exactly agrees with [7] in the special case α = 1, as does the equation for γ
when we set ζ = 0, modulo an overall sign. We find agreement also in the equation for λ up to
non-universal terms, again in the case α = 1 and modulo an overall sign. As we see, it is the
beta functions in the Weyl-breaking procedure that reproduce the results of [7]. In fact, one could
assume that σ scales anomalously under (3) as σ → σ − αω and one would then also recover the
α–dependence discussed in [7]. We will not discuss this here.
However, as it turns out, this procedure breaks not only Weyl invariance, but also global scale
invariance. That is to say, in addition to the ratios between the coefficients of the operators in (8)
being different, as we have seen from the full set of beta functions above, new terms not originally
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present in the action are also generated, and hence not even the form (35) is preserved. These new
terms will contribute to the beta functions (44) and will themselves have non-zero beta functions.
For example, expanding the trace in (38), the matter contributions proportional to c0 and c2
multiply the operators
∫
dx
√
gˆ and
∫
dx
√
gˆRˆ, and we will also have operators such as
∫
dx
√
gˆ e2σ¯,∫
dx
√
gˆ e4σ¯Rˆ, etc. The flow thus takes place in a much larger class of actions, where the dependence
on gˆµν and σ is not restricted by the demand of invariance under (3).
Nonetheless, we do not expect these new terms to contribute to the beta functions of the g4i
above, as the new terms will come with powers of eσ¯ which do not correspond to those of the
operators multiplying the couplings g41 . . . g46 in (35). For the same reason, we do not expect the
couplings in (35) to be present in the new beta functions β4j (j > 6), apart from g44 contributions
in the denominator. Thus, we can already say something on the existence of fixed points by
considering the β4i that we have written.
From (47), we note that the beta function for ζ vanishes in the case ζ = 0, in accordance with [7].
In terms of the couplings g44, g45 and g46 this is equivalent to the vanishing of those beta functions
for g45 = g46 = 0, neglecting the local matter contribution. Remarkably, the beta functions for
g42 and g43 also vanish in this situation. The remaining beta function for g41, on the other hand,
is non-vanishing for any real value of the couplings, and one might be tempted to conclude that
there is then no FP solution. But g41 is not a coupling for conformally reduced gravity in this
Weyl breaking setting, since the corresponding operator does not contain the dynamical field σ and,
unlike in the Weyl invariant case, g41 is independent of the other fourth-order couplings. Therefore,
there is no reason to require that its beta function vanish. If we do not impose the vanishing of
β41, we find agreement with the results of [7], at least within the restricted set of beta functions
(47). In order to draw more general conclusions, however, one would have to study the flow of the
other couplings that have not been included in the action (35), but which will be generated by
quantum effects.
VI. CONCLUSIONS
We have reconsidered the calculation of beta functions in conformally reduced gravity. Our
main tool has been the functional renormalization group equation, which is well suited to discuss
the RG flow of nonrenormalizable theories, and has been used very effectively to find a gravitational
fixed point in various approximations. In the present context, the dynamics of gravity has been
essentially reduced to that of a scalar field. From a physical point of view, it is not clear that this
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severe truncation still captures the essential features of gravity. It has been argued in [7, 8] that it
does so in the extreme infrared, and as shown in [30, 31] in the Einstein-Hilbert truncation it also
yields a fixed point in the UV with properties that are quite close to those obtained in the presence
of the transverse gravitons. From a theoretical point of view, it has the advantage that it sidesteps
several issues, such as gauge fixing, which do arise in the complete formulation of gravity. Thus,
the conformal reduction may be at least a good theoretical laboratory in which to test various
ideas.
In this paper we have considered, in addition to local terms up to second order in curvature, also
the nonlocal terms responsible for the conformal anomaly of massless matter fields. This nonlocal
action depends only on the number of massless fields and is thus not itself subject to RG flow, in
agreement with the findings of [22]. It does, however, affect the running of the other couplings.
Following the general discussion in [30, 34], the IR cutoff can be implemented in two inequivalent
ways, which either maintain or break the Weyl invariance (3). They are both mathematically
consistent procedures. In fact we have already observed in the end of Section 1 that the Weyl
transformations (3) should not be regarded as a gauge invariance in conformally reduced gravity,
and therefore it is not mandatory to preserve them in the quantum theory. From the physical
standpoint, one could try to interpret this choice as that between treating the cutoff scale k as
internal to the theory (when g¯µν is used to define the cutoff), or as an absolute external scale
(when gˆµν is used to define the cutoff). Which of the two procedures correctly describes quantum
gravity is something that, in our opinion, can only be assessed by observation or experiment. It
is tempting to speculate, nevertheless, that the correct procedure to be used in the description of
UV physics is the first one. We note that at low energies there are various sets of phenomena that
define dynamical mass scales: electroweak physics determines the mass of the electron and hence
atomic spectroscopy, strong interaction physics determines the mass of the nucleons. Both of these
scales are to a large extent unaffected by gravity, and in principle one could use electroweak or
strong mass units to define the fiducial metric gˆ that is used in the second type of cutoff 7. When
one considers very high energy phenomena, however, such as the universe at the GUT energy scale,
neither atoms nor nuclei, nor even the VEV of the Higgs field, are there to provide an absolute
reference scale, and in any case gravity is then so strong that its influence cannot be neglected. In
such circumstances it seems that only the former procedure is meaningful.
7 On a historical note, it was precisely the availability of these absolute units that formed the basis of Einstein’s
critique of Weyl’s theory.
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In the case of the Weyl invariant procedure, we have extended the results of [30] by including the
contributions of matter, and the curvature squared term. It appears that a physically acceptable
fixed point is not present in this truncation in pure gravity, but that it reappears in the presence of
suitable matter fields. It may or may not reappear in pure conformally reduced gravity when higher
order terms are included. We should also mention that a fixed point with the correct properties
does not appear if we restrict ourselves to conformal fluctuations after having expanded the action.
This is somehow to be expected, since scalar fields tend to generate a fixed point with negative G.
In any case, it is worth stressing that this negative result does not have direct implications for the
asymptotic safety programme.
We have then shown that the Weyl breaking procedure leads to beta functions which are very
different from the invariant ones, but which generally agree with those given in [7], at least as far as
the case of a flat space background is concerned. This RG flow, however, will break not only Weyl
invariance, but also global scale invariance, and it will hence generate new couplings that are not
present in the class of actions that we have considered. As these new couplings will have non-zero
beta functions, a proper discussion of the fixed points in this theory would require an extension of
our current analysis, which we leave for future work.
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APPENDIX A: TRACE EVALUATION FOR TYPE III CUTOFFS
In this Appendix, we collect some of the formulas necessary for the evaluation of the operator
traces in Sections 4 and 5 (for more details, see, e.g., Appendix A in [21]). Generally, the traces
of the functions W (∆) appearing on the r.h.s. of the FRGE may be evaluated via the asymptotic
21
keat kernel expansion
TrW (∆) =
1
(4pi)2
[
Q 4
p
(W )B0(∆) +Q 2
p
(W )B2(∆) +Q0(W )Bd(∆) + . . .
]
, (A1)
where ∆ is an elliptic operator of order p and
Qn(W ) =
1
Γ(n)
∫ ∞
0
dzzn−1W (z), (A2)
for n > 0, while Q0(W ) = W (0). For the specific cases of the operators Oˆi appearing in (43), the
heat kernel coefficients may be computed using the formulas in, e.g., [41, 42], reading
B0(Oˆ) =
∫
dx
√
gˆ ,
B2(Oˆ) =
√
pi
∫
dx
√
gˆ
{[
1
12
+
36g43 − b′
12Q˜
]
Rˆ+
3(g23 − 2g22)
2Q˜
e2σ¯ − 27g45
Q˜
(∇ˆσ¯)2 − 27g46
Q˜
ˆσ¯
}
,
B4(Oˆ) =
∫
dx
√
gˆ
{[
−4g0
Q˜
+
9(g23 − 2g22)2
Q˜2
]
e4σ¯
+
[
g23 − 2g22 − 2g21
2Q˜
+
(g23 − 2g22)(36g43 − b′)
Q˜2
]
e2σ¯Rˆ
+
[
29
2160
+
36g43 − b′
36Q˜
+
(36g43 − b′)2
36Q˜2
]
Rˆ2
+
[
6g22
Q˜
− 324g46(g23 − 2g22)
Q˜2
]
e2σ¯ˆσ¯ +
[
6g23
Q˜
− 324g45(g23 − 2g22)
Q˜2
]
e2σ¯(∇ˆσ¯)2
−
[
9g46
Q˜
+
18g46(36g43 − b′)
Q˜2
]
Rˆˆσ¯ −
[
9g45
Q˜
+
18g45(36g43 − b′) + 108g246
Q˜2
]
Rˆ(∇ˆσ¯)2
+
6480g45g46
Q˜2
(∇ˆσ¯)2ˆσ¯ + 3240g
2
45
Q˜2
((∇ˆσ¯)2)2 + 3240g
2
46
Q˜2
(¯σ¯)2
}
,
(A3)
with Q˜ ≡ (36g44 + 2b′), and
Bmat0 =
∫
d4x
√
gˆ32pi2c0 ,
Bmat2 =
∫
d4x
√
gˆ
{
32pi2c2Rˆ+ (nS + 8nM − 10nD)ˆσ¯ − (nS − 4nM + 2nD)(∇ˆσ¯)2
}
,
Bmat4 =
∫
d4x
√
gˆ
{
32pi2c4Rˆ
2 +
nS + 2nM − nD
2
(ˆσ¯)2 +
nS + 2nM − nD
2
((∇ˆσ¯)2)2
− nS − nM − nD
6
Rˆˆσ¯ − nS + 2nM − nD
6
Rˆ(∇ˆσ¯)2 + (nS + 2nM − nD)σ¯(∇ˆσ¯)2
}
,
(A4)
where for convenience we have collected the coefficients from the local matter contribution under
the Bmati . The case of the Weyl-invariant operators appearing in (31) in Section 4 may be readily
obtained from the above by letting gˆµν 7→ g¯µν and σ¯ 7→ 0.
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Using the generalized optimized cutoff Rk(z) = (k
p − z)Θ(kp − z) for the pth-order operators,
the functions Qi
(
∂tRk
Pk
)
may also be straightforwardly evaluated. Imposing the cutoff on the Oˆi
from Sections 4 and 5, we find
Q0 = p , Q 1
2
=
2p√
pi
kp/2 , Q1 = pk
p , Q2 =
p
2
k2p . (A5)
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